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In this paper, we formulate a mathematical model to study the dynamics of submerged and
inclined concentric pipes with different lengths. The governing equations of motion for the inner
pipe are derived under small deformation assumptions and with the consideration of gravi-
tational forces, turbulent boundary layer thickness of external flow, fluid frictional forces, and
inertia effects. We obtain discretized dynamical equations using spatial finite-difference schemes
and calculate the resonant frequencies of a particular pipe system design. In addition, by
varying the operating conditions, we identify a few critical parameters pertaining to the proper
design of such pipe systems. © 1999 Academic Press

1. INTRODUCTION

INTHE PAPER INDUSTRY, approach flow systems used to dilute fiber stock with water generally
consist of many pumps, screens, deaerators, and piping components. One of the key
components in these systems is the so-called silo water mixing unit, a cylindrical water
storage tank with a constant water level, as depicted in Figure 1. The inner pipe protruding
into the fan pump inlet zone contains a higher consistency fiber stock, and the concentric
outer pipe collects the recirculation diluted stock. At the inlet end, the outer pipe is welded
on the silo side-wall, and the inner pipe is welded on the outer pipe-wall and connected to
a large elbow. In this paper, we assume both the inner and outer concentric pipes are fixed
at the inlet end. It has been discovered that the turbulent mixing of jets coming out of the
concentric pipes before the fan pump contributes significantly to the smooth operation of
impellers, the uniformity of stock consistency, and the minimization of pressure variations
(Wang et al. 1999). In addition, the turbulent jets may introduce strong oscillations in the
suspended pipes, which can cause structural damage, such as fatigue failure of pipe joints.
Therefore, in a proper silo—pipe system design, vibration problems associated with such
pipes must be understood and resovled.

In this paper, we consider vibration issues that relate directly to the design of the silo
mixing unit, and leave the static and dynamic stability analyses to a forthcoming paper
(Wang & Bloom 1999). The basic goal of this work is to determine the protruded inner
tubular pipe oscillation frequency and damping ratio resulting from both internal and
external fluid flows. Considering the fact that the inner pipe carries thick fiber stock and has
a much smaller diameter than the outer pipe, we shall focus exclusively on the inner pipe
vibration and address the following issues: (i) what is the frequency range for a given
pipe system design; (ii) what is the effect of the angle of inclination; (iii) what is the optimal
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Figure 1. Location of the mixing pipe in the silo unit.

choice of pipe flow velocities and radii; (iv) what are the critical lengths of the pipes; and (v)
how important is the depth of the submerged pipe system.

The problem analyzed in this paper belongs to a major subject area within the
general realm of fluid-structure interaction problems. The study of flow-induced vibra-
tions and stability of pipes has a long history, beginning with the work of Benjamin
(1961a,b) and Paidoussis (1966a, b). A recent survey of the subject is available in Paidoussis
& Li (1993).

The main objective of this paper is to propose a mathematical model for inclined,
submerged, concentric pipes with different pipe lengths. In this model, the fluid forces
exerted by both the confined and unconfined external flows are considered. We start with
the derivation of the governing equations of motion in Section 2, and discuss finite-
difference schemes for spatial discritizations in Section 3. Finally, we present, in Section 4
numerical examples for a typical pipe system design along with an analysis to determine
critical design parameters.

2. GOVERNING EQUATIONS OF MOTION

A schematic diagram of the location and general configuration of the mixing pipe arrange-
ment within the silo is shown in Figure 1. As depicted in Figure 2, the mathematical model
of the suspended concentric pipes includes the inner pipe with a length [ and the outer pipe
with a length L <. We note that all the pipes are submerged in silo water, and that
continuous flow between the two concentric cylinders only occurs in the domain 0 < x < L.
Under the action of the gravitational force and fluid forces, i.e. pressure and frictional forces,
the inner pipe will deform and oscillate.

Using the small displacement and small strain assumptions, the body coordinates (&, n, {),
corresponding to the deformed configuration, can be projected onto the initial coordinates
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Figure 2. The concentric piping equilibrium configuration.

(x, y, z), as shown in Figure 3, with the following results:

dy 0z
5x—é’ éy—éaa gz—éaa
0y
Ne= —N =, ’7y:’7a ;/’z:(): (1)

0x
0z
Cx—_gga Cy—()a Cz—Ca

where the in-plane (x-y plane) and out-of-plane displacements are denoted as y = y(x, t) and
z = z(x, t).

In this paper, we establish the force equilibrium on the deformed configurations in order
to retain certain nonlinear terms at the beginning of our derivation. Nevertheless, we shall
focus on the linear vibration analysis and leave the nonlinear analysis of the subject to
a forthcoming paper.

We consider that fluid flows within the inner tube and the concentric region between the
inner and outer pipes are fully developed turbulent flows, and express the forces exerted on
the inner tubular beam from the internal and external fluid flows as (F%, F;, F}) and
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Initial coordinates

Figure 3. Deformed element of the inner tubular beam.

(F¢, Fy, F7), respectively. As a consequence of equation (1), we may project the internal fluid
forces on the initial coordinates (x, y, z) as follows:

. . . .0y ; . 0z

F:), ~ F:, (F:),~F:— F.), ~ F. —

( -f)x &> ( é)y éaxa ( é)z éaxs
i i 0y i i i

(Fn)x: —Fn&, (Fn)y:Frp (Fn)z:()a (2)
i ; 0z i i i

(FC)x: _Fgaa (FC)yzoa (FC)Z:FC)

and similar projections can be obtained with respect to the external fluid forces.

We denote by R; the inner radius of the internal pipe; therefore, the internal fluid occupies
a domain with cross-sectional area 4; = nR?. We also let R, and R, denote the outer radius
of the internal pipe and the inner radius of the external pipe. In addition, we assign p; and
pe, U and U, to be the fluid densities, constant averaged turbulent flow velocities for the
internal and external regions.

We initiate our derivation of the governing equations for y(x, t) and z(x, t) by writting
down the force equilibrium for the inner tubular beam, which has flexural rigidity EI, where
E is the Young’s modulus, and I, expressed as I = n(R} — R})/4, is the moment of inertia of
the tubular beam cross-sectional area.

As depicted in Figure 4, a differential element dx of the beam is acted upon by forces due
to gravity g with an inclination angle 0, tension T, fluid forces (F%, F}, F!) and (F¢, Fy, F¥),
and transverse shear forces (Q,, Q.). Following Hannoyer & Paidoussis (1978), in the
present analysis we discount the influence of any moments that may be exerted by the
internal and external flows. Also depicted in Figure 4 are the bending moments M, and M,
in accord with y(x, t) and z(x, t). In the standard manner, if we ignore viscoelastic damping
effects and consider the beam as an Euler-Bernoulli beam with constant cross-sectional
area, the bending moments, M, and M., and the shear forces, Q, and Q. take on the form

0%y 3y

Mr=Htoa &=~ Haa
A3)

Y 0.= —EI 0

T T o
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Figure 4. Forces acting on a differential element of the inner tubular beam.

Therefore, we ignore the axial inertia effect, and derive the governing equations for the

tubular beam as
oT ay .0z 0z
Fi—F—= —Fi — F Fe——F
ox <5 0x Cax>+<‘5 " ox €0>

0 0y 0 0z )
6x<Qy6x> _6x<Qzax> —mgsinf = 0, 4)
’\ 2
6T -£%+F+Py Fev el - ay 5)
O0x ® 0x = ox
0 0Oz 00, . .0z 0z 0%z
T Fl Fl = Fe Fe el — r e
ax >+ax+<4+<w>+<4+5w> "z ©

where m denotes the mass per unit length of the tubular beam.

Furthermore, from the force equilibrium for the internal flow [see, for example,
Hannoyer & Paidoussis (1979), Paidoussis (1970) and Paidoussis & Pettigrew (1979)], we
can express the internal fluid forces as follows:

. .0y . 0z 0 .
Fiop Y g% %A= p.a,
& n ax Cax 6x (pl L) Pz 1g81n 97 (7)
. 0 0 0 0 0 \?
F;§+FEQ=—— piAi_y — pidigcos0 — p; A\ —+ Ui— | v, ®)
0x 0x 0x ot 0x
) 0z 0 0z 0 0\?
FeFrZ o Y paZ)—pa
¢t $ox 8x<pl l6x> pi l<8t+ U0x> ©)

Finally, we turn our attention to the contributions from the external fluid flow. We treat
the external flow a little differently because of the fact that we can no longer directly replace
the forces acting on the outer surface of the inner pipe with the equivalent flow pressure,
inertia, and gravitational forces. We note that we have two different regions to consider, i.c.
the confined region 0 < x < L and the unconfined region L < x < I. However, due to the
outlet opening at the location x = L, the hydrostatic pressure is continuous in both regions,
and for the tubular beam with a uniform cross-sectional area, the components of the
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net forces attributable to the external hydrostatic and hydrodynamic fluid pressures are
given by

yxlzoa

T\ = peA,gcos0 + < (Pe + Po) A, & , (10)
0x ox

1 0 0z

*/z - 8X ((pe + po)Aa ax>a
where p, and p, stand for the hydrostatic and hydrodynamic pressures, respectively, and the
cross-sectional area A4, is defined as = R2. By denoting the free-surface level measured from
the origin (0, 0, 0) as y,, such that the hydrostatic pressure at the tip of the submerged beam
(x =1) is given by p = p.gy, — peglsin 0, we obtain the expression for the hydrostatic
pressure of the external fluid,

pe = (I = x)p.gsint —yp.gcosd + p. (11)

Moreover, according to Hannoyer & Paidoussis (1978), Paidoussis (1973) and Paidoussis
& Pettigrew (1979), we have the following expression for the hydrodynamic pressure in the
concentric flow region:

Pvo = %peDo Uez th(x)’ (12)

where the friction coefficient C; has, according to Paidoussis (1966a, b), Schlichting (1987)
and Taylor (1952), different values in the confined and unconfined regions,

_fCi, 0<x<L,
Cf_{c}, L<x<l (13)
and
D
° (L—-x), 0<x<L,
h(x) = {Pe — Do (14)
0, L<x<l,
along with
D, 0< L
dhv _|~p,—p, =TT (15)
dx o, L<x<l

As discussed in Hannoyer & Paidoussis (1979) and Paidoussis (1966, 1973), the external
flow exerts on the tubular beam the following viscous forces per unit length in both the
normal (#, {) and longitudinal (&) directions:

fée = %peDoUeZCjU

ay ay
e _ 1 _ -
fn 2peDo Uecf <3t + Ue 5x>’ (16)

0z 0z
¢= —3p.D,UCs| = + U= ),
fo==z2e ot ™ Teox
where D, is outer diameter of the inner pipe.
Turning now to the fluid inertia forces, we take x, to be the entrance distance associated
with the turbulent boundary layer, define the functions ¢ =1+ 0-4(x,/L)C} and
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o« = 0-4C} /o for the confined external flow region, and introduce for the components of the
inertia forces

F2=0,
0 ~ 0 0 0
E?72 - _ _ — — U — 17
» APe o<at+ e&x><6t+ eax>y, (17)
0 ~ 0 0 0
F2 = A=+ U, — ||=+ U, —
z XPe 0<6I+ eax><qt+ eax>za
where
R? + R?
ﬁ, 0 <x< L,
x =R~ Ro (18)
1, L<x<l
and
~ U —a(x/L?)/e, 0<x<L,
Ue = {Ue, L<x<l. (19)
Therefore, the overall external fluid forces are written as
e eay eaz_g-l e eay eaz a2
Fe=Fy X Cﬁx_/x—i_fé f"&x fg&x + 7 (20)
e eV e e\ 2
F,,+F5$=97y1+<ﬁ,+f5$>+/f, (21)
0z 0z
e e % _ g1 e e % F 2
Q+&ax¢ﬂ+<ﬁwi>+4. (22)

From this point on, we shall ignore all nonlinear terms that appear in the three sets of
force balance equations, as a consequence of the small displacement and small strain
assumptions. The key point in simplifying the governing equations (4)-(6) is to obtain the
explicit expression for the tension T, based on the assumption p;|x—; = p — 3p.DZUZC,/A,
and the axial force equilibrium at the tip of the tubular beam, ie. T|.,-,= — pA4
+ 3p.D2UZC,, where A denotes the cross-sectional area of the tubular beam, which is
given by n(R? — R?), and C, is the coefficient representing the base drag. Thus, if the
tubular beam density is p, the mass per unit length m can be expressed as pA. Abbreviating
— pA, +3p.D2U2C,A,/A as G, (m + p;A;)gsin0 as %;, and 3p.D, U2 as %,, we obtain
from equations (4), (7) and (20)

T — piA;)

ax = gl - ngf, (23)

so that

1
T—plAl:(go"‘(X—l)(ql‘}‘(ng‘ Cfdx
C/H(L—x)+C/(l—L), 0<x<L,

Ci(l—x), L<x<l (24)

=% + (x — D% -|—{42{
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Using, respectively, the sets of equations (5), (8) and (21), and (6), (9) and (22), it is now an

easy task to derive the following governing linearized equations:

oy 0%y 0%y ﬁzy dy oy
i, i, Y e, C .Y —o,
1 T g T Cagua T ez T Oy T Ce T &7
0%z 0%z 0%z 0%z 0z 0z
D D 0, % 4 p, %% p p. 4D =0
1 P ega T Pag g T Pega T Ds g ¥ Pe g T 07 =0

where the two sets of coefficients are given by
C{=EI
Cy = piAdiUF — (T — pidi + peA, + 3pD, U2 Crh(x)) + 1pe A, U U,
Cs =20 A Ui + 2p oA, (U, + U),
Co=m+piAi+ p.A,,

dh
Cs = —(m + pid; — p.A,)gsin0 + 1p.D,U2C, <1 B (x)>’

dx
Ce = %peDo U.Cy,
C,=m+ p;A; — p.A,)gcosb,
and
D, = EI,
D, = p;A;U? — (T — piAi + peA, + 3p.D, U2 Crh(x) + 1p.A, U, U,,
D3 =2p;A;U; + 1peAo(Ue + Uo),
Dy=m+ piA; + yp.A,,

dh
Ds= —(m+ p;A; — p.A,)gsin0 + 3p.D,UZ C; <1 N dicX)>’

D6 z%peDoUeCfa
D7=0.

Remark 1. For the clamped (or built-in) boundary condition at x = 0, we have

ay(0, 1)
y(oat)zoa TZO,
0z(0, t
2(0, 1) = 0, Zéx ) o,
while for the free end of the tubular beam at x = I, we have
2*y(l, 1) a3y(l, t) 1 aoy(L, 1)
=0, EI A — —p,D2U? =
0x? =0, ox? b 2Pete UeGy 0x 0
0%z(l, 1) 33z(l, 1) 1 oz(l, 1)
> - =0, EI . pA ——p,D>U? * - =0.
Ox? ’ ox? G et e G 0x



CONCENTRIC PIPES WITH INTERNAL AND EXTERNAL FLOWS 451

Remark 1I. We recognize that the coefficients C, to C¢ and D, to D¢ are variables
depending on the position x. To circumvent the discontinuity at the location x = L, where
the confined and unconfined domains are separated, we prescribe a nodal point at that
location.

Remark I11. By neglecting nonlinear terms, the governing equations for y(x, t) and z(x, 1)
turn out to be decoupled. In addition, we notice that the only difference between equations
(25) and (26) occurs in the inhomogeneous terms C- and D,. However, such a difference will
not affect the linear dynamic analysis based on the characteristic equations. Therefore, from
here on, we shall deal exclusively with equation (25).

Remark 1V. Because of the small displacement and small strain assumptions, we may
ignore the contribution of the term involving y and rewrite the expression for the hydros-
tatic pressure of the external fluid, equation (11), as

Pe~(l —X)pegsinf + p. (31)

3. NUMERICAL ANALYSIS

Considering the fact that we have third- and fourth-order spatial derivatives in equation
(25), standard C° finite elements cannot be used. An elaborate discussion on the use of C!
finite elements or mixed formulations is available in Bathe (1996) and Zienkiewicz (1977). In
this paper, we employ the method of finite differences to replace the partial differential
equation (25) with a set of ordinary differential equations with respect to time. Equivalent
difference schemes are also used for the boundary conditions in equations (29) and (30). We
define the solution variable y(x, t) at the spatial grid (or nodal) point i as Y(¢) (depicted in
Figure 5), and its corresponding time derivative as Y'(t). Using an equal spacing h between
finite-difference stations, we obtain the following finite-difference approximation for various
differentiations:

5y B yitt _ yi-1
ox|. 2h ’

13

aZy B Yi+1 _ 2Y1 + Yi—l
ox?|, h* ’

1

a3y Yi+2 _ 2yi+1 + 2yi—1 _ Yi—2

0x3|. 2h3 ’

13

a4-y B Yi+2 _4Yi+1 + 6Yt _4Yi71 + Yi*2
ox*t|, h* ‘

13

In addition, by employing the same finite-difference procedure, we obtain from the

boundary conditions in equations (29) and (30)
Y° =0,
Yy '=Y!
(33)
YN+1 — 2yN _ YN—l’
(ZﬁA - peDaz Ue2 Cb)hz
EI

YN+2:<4_ >(YN—YN_1)+YN_2.
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......

Figure 5. Finite difference stations on the tubular beam.

Therefore, the discretized characteristic equation based on the equilibrium equation (25)
can be written as follows, for node i(1 <i < N).

Co Ch oL C. Ch o ci . cy 4Cci Ci ;
CZY1+_3yt+1+C16Y1__3ylf1 +_1Yl+2+<_2__1+_5>Y1+1

2h 2h & TR T

6Cy 2Ch\., (Ch 4Ci C5\,i., Cioi,

et B Yig(22 Tt ZS)yicny Mlyica g 4
+<h4 1#) +<m & %) T 0 (34)

Note that the variable coefficients C; to Cg in equation (27) are functions of x and are
denoted as Cj to Cg at the nodal point i. Moreover, substituting equation (33) into (34)
gives

MY + CY + KY =0, (35)

where Y is the solution vector, and M, C and K stand for the mass, damping (including
gyroscopic terms) and stiffness algebraic coefficient matrices, respectively. For the practical
geometries (discussed in detail in the following section), the gyroscopic term governed by C;
is much more significant than the frictional damping term Cg, while C; is the predominant
stiffness term. Having the set of second-order ordinary differential equations in equa-
tion (35), we can then assume a characteristic solution Y = ¢''Y, where Y is the mode
shape corresponding to the natural frequency of the coupled system @ = 2xnf, and employ
standard eigenvalue solution techniques. Of course, Z¢( f) corresponds to the true resonant
frequency, and #»( f) represents the damping. The extensive account of the positive F.( f)
part and other stability issues will be discussed in Wang & Bloom (1999).

4. RESULTS

To find the frequency range of a particular pipe system design, we model one system
currently used in the paper industry with the following physical parameters:
pi = po = 1000 kg/m3; p = 7800 kg/m?>; | = 2:392m; L = 1135 m; x, = 24 m; y, = 6:155 m;
R; =01165m; R, = 01397 m; R, = 02096 m; g = 9-8 m/s*; C} = 0:004n; C; = 0-57R,/I;
G, = 0-0125%; E =200 GPa; U; = 2 m/s; and U, = 1 m/s. In order to evaluate the friction
coefficients, we need to calculate the Reynolds number defined as #¢ = ua/v, where a is
a characteristic length, such as one of the pipe diameters in this case; u is a characteristic
flow velocity, such as U; and U,; and v stands for the kinematic viscosity; in this work, we use
v = 1-13226 x 10~ ® m?/s. Notice that when Z¢ < 10*, the friction coefficients as well as the
viscosity of the fiber-water mixture can be significantly different from those of the pure
water (Daily & Bugliarello 1961).
For the particular configuration described above, we find that

with coupling: f; = 34:15 + 0-084671 Hz, f, = 201-0 + 0-09622i Hz;

without coupling: f; =45:04 + 0i Hz, f, =282-3 4+ 0i Hz
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Figure 6. First two coupled system frequencies versus the outer pipe length L (42 grid points with fixed inner
pipe length [ = 2-:392 m).
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Figure 8. First two coupled system frequencies versus the inner radius of the inner pipe R; (42 grid points with
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Figure 10. First two coupled system frequencies versus relative outer and inner pipe length difference (I — L)/I
(42 grid points).

The analytical solutions for the natural frequencies of the cantilever beam without
coupling to the surrounding fluids are expressed as f; = (A7 /2nl?)/EI/m, i =1,2,3, ...,
where A; are constants listed, for instance, in Blevins (1979). In addition to the introduction
of damping effects, the interaction between the inner tubular beam and the internal and
external fluids significantly diminish the natural frequencies.

To come up with critical design criteria concerning the dynamical behavior of the tubular
beam, we need to vary the pipe lengths, inclination angle, free surface level, flow velocities,
and pipe radii. We shall hold in this paper, as it is done in practice, the volume flow rates
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Figure 11. Damping ratio of the first two coupled system frequencies versus relative outer and inner pipe length
difference (I — L)/l (42 grid points).

constant to 85277 x 10”2 m?>/s for the internal flow, and to 7-6705x 102 m?/s for the
external flow. In other words, if we reduce the inner pipe radius, the inner fluid flow velocity
will increase accordingly, and vice versa; the same is true for the outer pipe. In addition,
with a constant free surface level, the external hydrostatic pressure p, will vary in accord-
ance with the inner pipe length and the inclination angle. Finally, we vary y,, which governs
the depth of the immersed pipe system. However, we recognize that a design parameter such
as y, is often related to the fan-pump pressure drop and, in practice, cannot be modified
easily.
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Figure 6 shows the first two coupled frequencies of the fluid—structure system Ze¢( f;) and
Re(f>) for various outer pipe lengths. As can be seen, the longer the outer pipe, the
smaller are the natural frequencies of the inner pipe, i.c. the increased confinement of
the inner pipe increases its effective (fluid added) mass. In Figure 7, we observe that varying
the inner pipe length has a similar, however, much stronger effect on the coupled system
frequencies. The physical explanation is that the inner pipe length determines directly the
inner pipe structural stiffness and mass (in fact, for a cantilever beam, the natural frequency
is inversely proportional to the square of the beam length), and the outer pipe length only
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Figure 12. First two coupled system frequencies versus relative outer and inner pipe radius difference
(R, — R,)/R, (42 grid points).
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contributes to the fluid-structure coupling part. In general, if the structure is more flexible,
it is more susceptible to turbulence buffeting as well as to buckling or flutter. Figures 6 and 7
also show that the coupled system frequencies for the given design configuration with
different pipe lengths are between the lower and upper bounds calculated for the two cases
in which the inner and outer pipes have the same lengths of [ and L, respectively.

In addition, we find in Figures 6 and 7 that the lengths of the pipes have a much larger
effect on the second coupled system natural frequency than the first one. This result also
matches the physical understanding based on the dependence of mode shapes on the pipe
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Relative outer and inner pipe radius difference, (R,—R,)/R,

First mode damping ratio £ »e( f)) IR (f,) (%)

Second mode damping ratio F»e( f,) /e (f,) (%)

Figure 13. Damping ratio of the first two coupled system frequencies versus relative outer and inner pipe radius
difference (R, — R,)/R, (42 grid points).
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length. Moreover, calculations show that the inclination angle 0 and the depth of
the submerged pipe system y, do not significantly influence the characteristic behavior of
the tubular beam.

Concerning the inner pipe radius, Figure 8 shows that for the constant volume flow rates
that have been assumed, there exists an optimal radius (around 0-16 m in this case), since we
want to maximize the natural frequencies of the inner pipe. Increasing the inner pipe radius
increases the pipe stiffness but also increases the external flow velocity and added mass
effects. At some point, the velocity and added mass effects overwhelm the stiffening effect,
and the inner pipe frequency drops rapidly. In practice, we want to avoid the low frequency
and pressure variations introduced by the low-frequency vibration of the inner pipe, which
may not be effectively attenuated.

It is also clearly indicated in Figure 9 that as the outer pipe diameter increases, for
the constant volume flow rates, the natural frequencies of the inner pipe increase to some
plateau. This occurs because reduced confinement lowers the added mass effects on the
inner pipe and the external flow velocity decreases until these effects no longer change with
increasing outer pipe diameter.

In addition, to further assist in the design of the pipe system, Figures 10, 11, 12 and 13
present the first two frequencies Z¢( f1) and Z¢( f5) and their corresponding damping ratios
Im(f1)]Re(f1) and Ium( f>)/Re( f>) as functions of the relative difference of outer and inner
pipe length (I — L)/l and radius (R, — R,)/R, at various outer pipe lengths [ and radii R.,
respectively. As shown in Figures 10 and 11, the longer the inner pipe, the lower are the
natural frequencies of the inner pipe, but the larger are the damping ratios. The useful
design information shown in Figures 12 and 13 worth mentioning is that, with the same
outer pipe inner diameter R,, the smaller the inner pipe diameter represented by R,, the
smaller are the natural frequencies of the inner pipe. However, the change of damping ratio
is not monotonic and there exists a region around (R, — R,)/R, = 0-94 such that the
damping ratio is at its lowest level.

5. CONCLUSION

The main contribution of this paper is the formulation of a mathematical model for
a submerged concentric pipe system with both unconfined and confined external flows.
Using finite-difference schemes, we have calculated the natural frequency range for a given
pipe system configuration. It is shown that the proposed method can be used to evaluate the
natural frequencies as well as the damping ratios for various design variations. Although, in
practice, due to the existence of a pressure pulsation attenuator and other low-pass filters,
high-frequency variations can be effectively reduced, we still need to separate other vibra-
tion frequencies from the predicted natural frequencies of the inner tubular pipe coupled
with the surrounding fluids in order to avoid resonance.

In addition, by varying different design parameters, we conclude that

(i) by decreasing the inner or outer pipe lengths, we can increase the natural frequencies,
but changing the inner pipe length is more effective;

(i) the inclination angle, the depth of the submerged pipe system, and gravity are not
important design parameters as far as the pipe dynamical behavior is concerned;

(i) for a piping system with fixed volume flow rates, there exists an optimal inner pipe
radius;

(iv) in general, the larger the outer pipe radius, the more stable the suspended pipe
system will be; nevertheless, as the outer pipe radius increases, the inner pipe vibration
model approaches that of the case of a singular flexible pipe immersed in an unconfined
fluid;
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(v) for the same relative outer and inner pipe length difference, the damping ratios
increase with the inner pipe length, while for the same relative outer and inner pipe radius
difference, the damping ratios decrease with the external pipe inner radius.

The mathematical model presented in this paper clearly shows much promise in achiev-
ing a proper design for the silo piping system.
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